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This note describes the high-level mathematical model used to determine the
location of the pinger using the differences in reception time of the emitted signal at the
various hydrophones. The method for detecting the signal and determining the time
differencesis (or will be) described elsewhere. The objective of this mathematical model
isto determine the bearing of the pinger relative to the submarine. The distance to the
pinger and the relative depth of the pinger are of no concern in this model.

Other researchers have used a sub-centric model which puts the submarinein a
fixed position and then attempts to locate the pinger relative to the submarine. This
method uses a pinger-centric approach which puts the pinger in afixed position and then
determines the attitude of the sub with respect to the pinger. Note that in the real world,
the pinger doesn’t move but the submarine does.

Submarine Definitions

If any pair hydrophones receive the pinger signal simultaneously, the pinger is
located in the plane perpendicular to the line connecting the hydrophones — declare
victory and go home. Otherwise, let H1 denote the first hydrophone to receive the pinger
signal, H3 denote the last hydrophone to receive the pinger signal, and H2 denote the
next-to-last hydrophone to receive the pinger signal. Thus the pinger signal arrivesat H1
then H2 then H3. Any other hydrophones are of no concern in this model.

L et the distances between the hydrophones be denoted by A, B, and C where A is
the length of the side opposite H1, B is the length of the side opposite H2 and C isthe
length of the side opposite H3.

Time Differences

Let T12 be the time difference between the arrival times of the pinger signal at
hydrophones H1 and H2 respectively. Similarly, let T13 be the time difference between
the arrival times of the pinger signal at hydrophones H1 and H3 respectively. Let d12 be
the distance that the pinger signal travelsin time T12, and let d13 be the distance that the
pinger signal travelsin time T13. The distances d12 and d13 can be calculated by
multiplying the time differences T12 and T13 respectively by the speed of sound in water
(approximately 1482 meters/second, depending on temperature and salinity).

Coordinate System

Construct a Cartesian coordinate system as follows: Let the coordinate origin be
at hydrophone H1. Let the X axis be the line passing through the pinger and H1 such that
the pinger Pisadistance d from H1 in the negative direction (i.e. Pisat (-d, 0, 0)).

Let theY axis bethe line perpendicular to the X axis such that hydrophone H3
liesin the X-Y plane at (v, w, 0) where w is a non-negative real value and the distance
between H3 and the pinger Pis d+d13. Let Alpha (o) be the angle between the positive X
axis and the line connecting H1 and H3.



Let the Z axis be the line perpendicular to the X and Y axes such that hydrophone
H2 lies at coordinates (X, y, z) where z is anon-negative real value and the distance
between H2 and the pinger Pis d+d12. Let Beta () be the angle between the positive X
axis and the line connecting H1 and H2.

Mathematical Model

The sum of the above definitions gives the following representation of the mode!:
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For ease in understanding the model, it can be deconstructed into three planar
views: (1) the X-Y plane alone, (2) the oblique plane containing the X axis and the
hydrophone H2, and (3) the oblique plane containing hydrophones H2 and H3 plus the
projection of H3 onto the X axis. These planar views appear as follows:
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In the last oblique plane, point H3x at coordinates (v, 0, 0) isthe projection of H3
onto the X axis, and the point H2y at coordinates (v, y, 0) is the projection of H2 onto the
line between H3 and H3x. Both of these projections meet the line they are projected onto
at right angles as shown.

Analysis of the triangles in the three sel ected planes gives the following

eguations:

v =B cos (o) w =B sin(a)

x = C cos (B) y?+ 2= C?sin (B)

A?=(W-y) + (x—v)* + 2*

Clearly, these equations are easy to solve once the angles Alpha and Beta are known. A
simple coordinate transformation can then convert the results into sub-centric form and
out pops the bearing of the pinger. The real problem then isjust one of determining the
incidence angles Alpha and Beta.

Incidence Angles

Previously, researchers have reasoned that with a pinger sufficiently far away, the
signal paths to the different hydrophones are approximately parallel. This assumption
leads to the conclusion that the length difference (derived from the time difference for the
arrival times of the pinger signal) divided by the distance between the hydrophones gives
the cosine of the Incidence Angle. Graphically, thisisillustrated as follows:
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The graphs of the error factors in the simple cosine method show that it always
underestimates the incidence angle and the problem gets worse as the submarine

approaches the pinger.

Simple Cosine Angle Error (degrees)
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Mathematically, the difference in the lengths to two known points being a
constant defines a hyperbola with the two points (the hydrophones) at the foci. The
intercept point where the hyperbola crosses the line between the two hydrophones is easy
to calculate and so the equation of the hyperbolais known. As the distance of the point
from the foci increases, the point approaches the hyperbola asymptote lines. These lines
cross at the midpoint between the hydrophones and have known equations derived from
the hyperbola equation. Graphically, thisisillustrated as follows:

Hyperbola and Asymptotes

The graphs of the error factors in the hyperbola method show that it does better than the
simple cosine method but it too always underestimates the incidence angle and the
problem gets worse as the submarine approaches the pinger.
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Referring back to the model pictures, it is appears that when the incidence angleis
known, the distance to the pinger can be calculated. Thereverseisalso true. If the
distance to the pinger is known then the incidence angle can be calculated. The
assumption that the pinger is at a preset distance from the submarine gives another
estimate of the incidence angle. If the assumed distance is further than the actual distance,
the angle estimate is too low, but if the actual distanceisless, the angle estimate is too
high. In competition, the distance to the pinger islimited by the size of the competition
arena. Thismakesit possible to choose a preset distance such that the angle error is
equally distributed about zero. Note that the angle error when the pinger is actualy at the
preset distanceis zero.

¢ Series1
Angle Error assuming Pinger at 12 Meters ® Series2
Series3
03 - Series4
X Series5
® Series6
“"000000 + Series7
R * - Series8
021 oo’ Series9
RS eries
3 O Series10
0.15 1 ot Series11
Series12
Series13
Series14
- guu® u Series15
gunt® _ Series16
= Series17
T T T T ] Series18
* Bo%oxox x % % ox x B x x x KO Q° |¢Series1o
-0.05 1 2] # g Series20
R B el Series21
i 8 B é K g20a, o mmelllTme---.o..- X Series22

X Series23

0.25 1

0.1 A >

0.05 | .

-0.1 1

: ;'i:‘ ‘= Series24

L T TP + Sorioes
""‘*** M“““*"“wu\y““ " .

"""Haaa*aa;a**i Series26

HHRR = Series27
# Series28
0.25 - M Series29
A Series30
X Series31

-0.15 A

-0.2 1

True Angle




# Seriesl
Angle Error assuming 12 Meters M Series2
Series3
0.3 - Series4
X Series5
0.5 | OSerieSG
! + Series7
¥ - Series8
0.2 4 i_ Series9
() Series10
0.15 Series11
= Series12
0411 i Series13
X Series14
== Series15
0.05 1 § = Series16
i < - Series17
07 L] &g . . . Series18
W 20 40 60 80 100 120 Series19
o] Eﬁi'- R L L T T L T ORI TATA Y Series20
iiw’:’-"-- Series21
011 B E i i iy bt PR L X Series22
**iiiw:w""" ----------------- X Series23
"i"'.._il **":izw‘”“’"w“{wwvvw‘, $ Series24
015+ '"iig!!!!iiiii****mih::::;::;;:i +Series25
CEEPRtolet Ll LTI TEETIT i
IHHHuniﬁiﬁﬁﬁiiiii!!!!!!!!!! " Series26
0.2 Hﬂuunugug - Series27
# Series28
-0.25 1 M Series29
True Pinger Distance . SerfesSO
X Series31

The natural follow-on to the last thought is that any of the above methods can be
used to get an initial estimate of the distance to the pinger and then that estimate can be
used in the preset-distance formulato get more accurate calculations. This turns out to be
abad idea. Trying to use any of the above methods to determine the distance to the pinger
runs headlong into the computational nightmare called Massive Loss of Precision. This
happens when trying to subtract two numbers that are very close together and then use
the result for something. In this model, the distance d13 isreally close to the distance v
and the distance d12 is redlly close to the distance x. Doing either subtraction gives a
number which is smaller than the error involved in computing d12 and d13 in the first
place —the result is meaningless. The only way to increase the precision of the
calculations is to increase the distance between the hydrophones. Thisleadsto the
conclusion that the distance to the pinger cannot be calculated accurately by any
sub in the competition.

Fortunately, knowing the distance to the pinger isn’'t really useful anyway. The
only figure of real interest is the bearing of the pinger relative to the sub. Starting over
with this revised objective led to the Paradigm Shift. A paradigm shift is what happens
when your subconscious suddenly jumps up, kicks you in the head and yells “Hey stupid,
you're doing thisall wrong.” The agorithm to calculate only the bearing of the pinger is
disgustingly ssimple. In fact, it's so disgusting that it’s not fit for putting down on paper.
The solution is left as an exercise for the reader.

Thisisthe end of this White Paper. The use of these techniques without proper acknowl edgement
of the author in all written workswill cause your sub to be cursed and sink to the bottom of the
competition arena. Be sure to read the companion White Papers on the Model Smulation
Program, Hydrophone Sampling Techniques, Pyramidal Frequency Search, and Synchronous
Fourier Transforms. Coming soon to a website near you!



